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ISOPERIMETRIC INEQUALITIES, SHAPES OF FØLNER SETS AND
GROUPS WITH SHALOM’S PROPERTY HFD
ANNA ERSCHLER AND TIANYI ZHENG
ABSTRACT. We prove an isoperimetric inequality for groups. As an application, we ob-
tain lower bound on Følner functions in various nilpotent-by-cyclic groups. Under a reg-
ularity assumption, we obtain a characterization of Følner functions of these groups. As
another application, we evaluate the asymptotics of the Følner function of SympZq ¸ Z.
We construct new examples of groups with Shalom’s property HFD, in particular among
nilpotent-by-cyclic and lacunary hyperbolic groups. Among these examples we find groups
with property HFD, which are direct products of lacunary hyperbolic groups and have ar-
bitrarily large Følner functions.
1. INTRODUCTION
Given a finitely generated group G, equipped with a finite generating set S, we denote
by dS the word metric onGwith respect to S. For a subset V Ă G, the boundary BSV of V
is the set of elements of V at the word distance one from the compliment of V : v P V such
that dSpV,GzV q “ 1. We denote by FG,Spq the minimum of the cardinality of the sets
V such that #BSV {#V ď  and we put FølG,Spnq “ FG,Sp1{nq. FølG,Spnq is called the
Følner function ofG. It is well defined wheneverG is a finitely generated amenable group.
In this paper we prove an isoperimetric inequality for groups and study its applications.
Our result provides information on the structure of Følner sets: we prove that they contain
subsets that are “satisfactory” in the sense defined below.
Given a set T in a group G and a subset V Ă G, let us say that v P V is r-good, if there
exists at least r distinct elements u P T such that vu P V . Given a constant C ą 0 and a
finite subset T Ă G, we say that V is a C-satisfactory set with respect to T if each v P V
is C#T -good.
Theorem 1.1. There exist constants C1, C2 P p0, 1q such that the following holds. Let G
be a group, S be a finite generating set of G. Let T Ă G be a set such that lSptq ď r for
all t P T . Take a subset V Ă G such that #BSV {#V ď C1{r. Then V contains a subset
V 1 which is C2-satisfactory with respect to T . In particular, we can take C1 “ 1{24 and
C2 “ 1{4.
Given radius r, finding the optimal set T is related to the dual isoperimetric problem
discussed in [25, Section 6.3].
Combining Theorem 1.1 with Lemma 2.3, which will be proven in Section 2, we have
the following:
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Corollary 1.2. Let G be a group with finite generating set S. Suppose G contains as a
subgroup H “ ‘Bi, i P I , where I is a countable set. Let vpi, nq “ #tb P Bi : b ‰
e, lSpbq ď nu, and
Npn, kq “ #ti : vpi, nq ě ku.
Then the Følner function of G satisfies
FølG,Spnq ě pk ` 1qCNpn,kq
for any n, k P N and some absolute constant C ą 0.
Corollary 1.2 follows as well from an inequality of Saloff-Coste and the second author
[30, Proposition 3.1]; and the case with k “ 1 from the inequalities proven in Gromov
[25, Section 6.1] where the fibers Bi in the product were assumed to be cyclic assuring
that the lower bound is valid not only for the Følner function, but also the linear algebraic
Følner function, introduced in [25]. Before explaining examples where the estimate from
Theorem 1.1 is better than the one obtained from Corollary 1.2, as in Corollary 1.3 below,
we point out some consequences of Corollary 1.2.
Given two functions f1, f2 we say that f1 ĺ f2 if f1pxq ď Cf2pKxq for some positive
constants C,K and all x. If f1 ĺ f2 and f2 ĺ f1, we say that f1, f2 are asymptotically
equivalent : f1 » f2. It is clear that the asymptotic class of the Følner function of G
does not depend on the choice of a finite generating set S in G. We recall that the growth
function vG,Spnq counts the number of elements of word length ď n. We denote by lSpgq
the word length dSpe, gq with respect to S. The asymptotic class of vG,S does not depend
on the choice of the generating set. We write FølG and vG for the equivalence classes of
the corresponding functions.
Recall that the wreath product of A and B, which we denote by A o B, is a semi-direct
product of A and
ř
AB, where A acts on
ř
AB by shifts (in many papers, the authors
denote it by B o A). As a particular application of Corollary 1.2, we have that the Følner
function of the wreath product G “ A o B, where B is a nontrivial finite group satis-
fies FølGpnq ľ exppvApnqq. This statement has been known previously since it follows
from the inequality of Coulon and Saloff-Coste [5] and isoperimetric inequality for wreath
product [10] applied to the case of finite lamp groups. Obtaining this statement as a con-
sequence of Corollary 1.2 provides a unified setting for these inequalities. Indeed, observe
that in order to prove the Coulon-Saloff-Coste inequality
vApnq ĺ FølApnq
for a group A, take a finite group B “ Z{2Z, and fix a finite generating set S of A. Ob-
serve that Følner function ofG “ A oB with respect to generating set S˜ “ SYtpδeA , eAqu
is clearly ď 2FølA,Spnq. On the other hand, as stated above, we have FølG,S˜pnq ě
exppCvA,Spnqq. We conclude therefore that FølA,Spnq ě vA,SpC2nq, for some posi-
tive C2 and all n.
As another application of Corollary 1.2, in Example 2.4 we show that the Følner func-
tion of the Grigorchuk group Gω , where ω P t0, 1, 2uN is not eventually constant, satisfies
an exponential lower bound. That is, if ω is not eventually constant, then
FølGω,Spnq ě 2Cn
for some constant C ą 0. The volume growth of Gω is intermediate (that is super-
polynomial and sub-exponential) by work of Grigorchuk [20]. In particular, the exponen-
tial lower bound on the Følner functions cannot be obtained by the Coulhon-Saloff-Coste
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inequality mentioned above. It is not known if there exists a finitely generated group with
intermediate Følner function, see the survey of Grigorchuk [21, Problem 12, Conjecture 5
(ii)].
The lower bound obtained from Theorem 1.1 can be better than the estimate that one
gets from the product subgroups as in Corollary 1.2. One of the illustrations is provided in
the Corollary 1.3 below.
Corollary 1.3. Consider a group SympHq of finitary permutations of the elements of a
finitely generated group H . Let G “ SympHq ¸H be the extension of this group by H .
Then the Følner function of G is asymptotically greater or equal than vHpnqvHpnq.
In particular, the Følner function of SympZq ¸ Z is asymptotically equivalent to nn.
More generally, the Følner function of SympZdq ¸ Zd (or of SympNq ¸N , N of growth
» nd) is asymptotically equivalent to nnd .
As another application of the isoperimetric inequalities, we construct nilpotent-by-
cyclic groups with prescribed isoperimetry, see Theorem 3.6. In particular, for any a ě 1,
there exists a nilpotent-by-cyclic group with Følner function asymptotically equivalent to
exppnaq. Alternatively, we can choose the group to be step-2 nilpotent by abelian. In the
special case for a ď 2, the group can be chosen to be step-2 nilpotent-by-cyclic. Gromov
states in [25, Section 8.2, Remark (b)] that locally-nilpotent-by-cyclic groups give exam-
ples of elementary amenable groups with prescribed Følner functions, provided that the
prescribed function has sufficiently fast growing derivatives. Further examples of groups
with prescribed Følner functions were provided in the paper of Brieussel and the second
named author [3]. In contrast to examples in [3], the groups we consider here are nilpotent-
by-cyclic, and the regularity assumption on the prescribed function is milder. In the special
case that the prescribed function is comparable to exppnq over infinitely many sufficiently
long intervals, the group in Theorem 3.6 mentioned above can be chosen to have some
additional properties, namely to have cautious and diffusive random walk along an infinite
time subsequence. See Subsection 3.3 in particular for the cited definitions.
Recall that a group G is said to have property HFD defined by Shalom in [32], if ev-
ery orthogonal G-representation pi with non-zero reduced cohomology H
1pG, piq admits a
finite-dimensional sub-representation. The above-mentioned property of admitting a cau-
tious simple random walk along a subsequence is a strengthening of Shalom’s property
HFD. Indeed, it is shown in [14, Corollary 2.5] of that if G admits a symmetric probability
measure µ with finite generating support such that for every c ą 0,
(1.1) lim sup
n
P
`|Wn|G ď c?n˘ ą 0,
then G has property HFD. On the other hand, there exist groups with Shalom’s property
HFD such that simple random walks don’t satisfy (1.1), see Subsection 3.3. In particular,
we show that groups with property HFD where simple random walks don’t satisfy 1.1
can be found among nilpotent-by-cyclic groups, or alternatively, among direct products of
lacunary hyperbolic groups.
In Section 5, we construct locally-nilpotent-by-cyclic groups with Shalom’s property
HFD that are lacunary hyperbolic. By definition, lacunary hyperbolic groups are hyper-
bolic on some scales, in some sense they are very “large” on these scales. We show that
they can be constructed to be at the same time quite “small” on some other scales. Namely,
they can admit controlled Følner pairs and have simple random walk which is cautious and
diffusive along some infinite subsequence.
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There are open questions for some other aspects of lacunary hyperbolic groups, regard-
ing how “small” they can be on the scales that are not hyperbolic. For example, Olshanskii,
Osin and Sapir [27] ask whether a lacunary hyperbolic group can have sub-exponential vol-
ume growth or non-uniform exponential growth. On the other hand, we mention that some
questions regarding how “large” an amenable group with Shalom’s property HFD can be
are also open. It is not known whether a finitely generated amenable group admitting a
simple random walk with non-trivial Poisson boundary can have property HFD.
2. PROOFS OF THE ISOPERIMETRIC INEQUALITIES
Let G be a finitely generated group, S be a finite generating set. Recall that lS denotes
the word distance on pG,Sq. Take a subset V Ă G such that #BSV {#V ď 1{r.
Lemma 2.1. [Generalized Coulhon Saloff-Coste inequality] For each p : 0 ă p ă 1,
C1 ą 0 such that C1 ă 1 ´ p there exists C ą 0 such that the following holds. Let
V Ă G be a finite subset such that #BSV {#V ď C1{r. Suppose also that T is a subset
such that lSptq ď r for any t P T . Then for at least p#V element v P V there exists
at least C#T distinct elements t P T such that vt P V . More precisely, we can take
C : 1´ C “ C1{p1´ pq.
Proof. Suppose not. Then for at least 1 ´ p proportion of the elements v of V , there is
strictly less than C#T multiplications by elements in T for which vt P V . The idea of the
proof is analogous to one of the known arguments (see e.g. [22, 6.43.]) for the proof of the
Coulhon-Saloff-Coste inequality [5].
For each v P V consider the sets Uv “ tvs, s P T u, and consider the total number N of
point of the union Uv intersected with GzV , taking into account the multiplicity, that is
N “
ÿ
vPV
#pUv X pGzV qq.
This cardinality N is at most #BSV#Tr. Indeed, for each element t P T fix a geodesics
γt from e to T . If for some v P V the element vt R V , then the shifted geodesic v, vγt
intersects the boundary BV at least once. Let u P BV be the first intersection of v, vγt with
the boundary BV , and let d “ dpv, uq. It is clear that d ď lSptq and by the assumption of
the lemma we have therefore d ď r. Observe that the point v is uniquely defined by u, t
and d. Therefore the upper bound on N follows.
On the other hand, by the assumption of the lemma for at least p1 ´ pq#V points v
in V there exist at least p1 ´ Cq#T elements in T such that vt is not in V . Therefore,
N ě p1´ pq#V p1´ Cq#T . We conclude that
p1´ pq#V p1´ Cq#T ă N ď #BV#Tn ď C1
r
#V#Tr,
and hence
p1´ pqp1´ Cq ă C1,
which contradicts the choice of C1.

The following combinatorial edge removal lemma is along the same line of reasoning
as [10, Lemma 1].
Lemma 2.2. Let V be a graph with vertex set V and edge set E. A vertex v is m-good if it
has at least m edges connecting to distinct neighbors. Suppose that at least p#V vertices
are m-good, where p ą 2{3, then V contains a non-empty subgraph such that every vertex
is pcmq-good for where c ă mintp3p´ 2q{p, 1{2u.
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Proof. Consider all the vertices in V that are not pcmq-good. Remove all of them and all
the edges adjecent to them. After the removal there can be new vertices that are not pcmq-
good. Remove again all of them and their adjacent edges. Repeat the process. We need to
show that the process stops before the graph becomes empty.
Orient the removed edges AB as A Ñ B if A is removed earlier than B. Suppose v
is a m-good vertex, but gets removed after several steps. Consider edges adjacent to v,
then at least p1´ cqm edges must be removed in order for v to fail to be pcmq-good. This
implies that number of oriented edges ending at v is at least p1 ´ cq{c as the number of
edges starting with v.
Let C1 be the number edges in V such that at least one of its end vertices is not m-
good. Let C2 be the number of edges removed that originally both of its end vertices are
m-good. Since for every m-good vertex that gets removed at some stage, the number of
edges ending at v is at least p1´ cq{c as the number of edges starting with v, we have
total number of edges removed ď C1 ` C2 ď C1 ` c
1´ cC1 “
1
1´ cC1.
Note that C1 ď mp1´ pq#V . On the other hand, the total amount of edges in the graph V
satisfies
|E| ě 1
2
p#V m.
Since c ă p3p´ 2q{p, we have that the total number of edges removed is strictly less than
|E|, therefore the remaining graph is non-empty. This finishes the proof the lemma. 
Now we return to the proof of Theorem 1.1.
Proof of Theorem 1.1. Given any p : 2{3 ă p ă 1, 0 ă C1 ă 1´ p, let V Ă G be a finite
subset such that #BSV {#V ď C1{r. Then by Lemma 2.1, for at least p#V elements v
in V there exists at least C#T distinct multiplications by t P T such that vt P V . Now
consider the graph V for which the vertex set consists of elements in V and v, u P V are
connected by an edge of there is some t P T such that u “ vt. Then we have that at
least p#V vertices are C#T -good. By Lemma 2.2, V contains a subgraph V 1 such that
every vertex is cC#T -good, where c ă mintp3p´ 2q{p, 1{2u. In other words, the vertex
set of V 1 is cC-satisfactory with respect to T . The choice of constants in the statement is
somewhat arbitrary: we take p “ 5{6, C1 “ 1{24 and c “ 1{3.

In order to derive a lower bound for Følner function from Theorem 1.1, we need to
estimate the volume of a set V 1 which is C-satisfactory with respect to T . In the situation
that the set T is contained in a product subgroup
ś
Bi, one can bound volume of V 1 from
below by the following lemma. It is analogous to [10, Lemma 3]
Lemma 2.3. [Satisfactory sets for G containing ‘Bi] Let G be a group containing as a
subgroup H “ ‘Bi, i P I , I is a countable set. Let Si be a subset of Bi. Given a subset
V Ă G, consider the cardinality of the following set: for g P V , k P N,
Mkpgq “ #ti P I : there exists at least k distinct si ‰ e, si P Si such that gsi P V u.
If for each g P V , the cardinality #Mkpgq ě m, then the cardinality of the set V is at
least p1` kqm.
Proof. Induction on m. The statement is obviously true for m “ 1. Suppose we
have proved the statement forf m ´ 1. Consider the set of coset classes G “ YgαH ,
Gα :“ gαH . V “ YVα. If V satisfies the assumption, all Vα satisfy it also. In it enough
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therefore to assume that V belongs to one coset class, and without loss of the generality
we can assume that V Ă H “ śBi. Fix one position i where the value Bi takes at least
k ` 1 possible values. For each fixed value apply the induction hypothesis for m´ 1. The
cardinality of V is at least pk ` 1q times as much.
Proof of Corollary 1.2. Let G be a finitely generated group, S is a finite generating set,
Npn, kq defined as the statement. For each index i P Npn, kq, choose k distinct elements
tb1,i, ¨ ¨ ¨ , bk,iu from the set tb P Bi : b ‰ e, lSpbq ď nu. Define T as the union of these
elements
T “
ď
iPNpn,kq
tb1,i, ¨ ¨ ¨ , bk,iu.
Consider a Følner set V Ă G such that #BV {#V ď 1{n. Then by Theorem 1.1, V
contains a subset V 1 which is C-satisfactory with respect to the set T defined above. It
follows from the definition of C-satisfactory and the structure of T that for any g P V 1,
Mk1pgq ě C
2´ CNpn, kq, where k
1 “ maxt1, Ck{2u.
By Lemma 2.3 the cardinality of such set V 1 is at least pk1 ` 1q C2´CNpn,kq. Consequently,
the cardinality of V admits the same lower bound. We conclude that the Følner function
of G satisfies
FølGpnq ě pk1 ` 1q C2´CNpn,kq ě pk ` 1qC1Npn,kq,
where C,C 1 are some universal constants. 
Example 2.4. We apply Corollary 1.2 to show that the Følner function of the first Grig-
orchuk group is at least exponential.
We recall the definition of the first Grigorchuk group G “ G012, which was defined
by Grigorchuk in [19]. The group G012 acts on the rooted binary tree T , it is generated
by automorphisms a, b, c, d defined as follows. The automorphism a permutes the two
subtrees of the root. The automorphim b, c, d are defined recursively:
b “ pa, cq, c “ pa, dq, d “ p1, bq.
For more details see [19, 20] and also [17, Chapter VIII], [2, Chapter 1].
The rigid stabilizer of a vertex u in G, denoted by RistGpuq is the subgroup of G that
consists of these automorphisms that fix all vertices not having u as a prefix. By definition
it is clear that automorphisms in rigid stabilizers of different vertices on a given level
commute. To obtain a lower bound for the Følner function, given a level k, consider the
subgroup ‘uPTkRistGpuq, where Tk denotes the level k vertices in the tree. We show that
for in each summand RistGpuq, u P Tk, there is an element gu P RistGpuq such that
gu ‰ e and lSpgq ď 6 ¨ 2k.
Consider the substitution σ which was used in the proof of the growth lower bound in
[20, Theorem 3.2]:
σpaq “ aca, σpbq “ d, σpcq “ b, σpdq “ c.
First take g1k “ σkpababq, where 1k “ 1 ¨ ¨ ¨ 1lomon
k
. We verify that g1k is a non-trivial element
in the rigid stabilizer of the vertex 1k. To show this, it suffices to have
g1k “ p1, σk´1pababqq,
where 1 is the identity element. By the definition of σ, we have that for any word w in
the letters ta, b, c, du, σpwq is in the stabilizer of the first level of the tree, hence we can
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write σpwq “ pw1, w2q. Observe that w2 “ w and w1 can be obtained from w by sending
aÑ d, bÑH, cÑ a, dÑ a, whereH denote the empty word. Note that the wordw1 is
on letters ta, du only. In the first iteration, σpababq “ acadacad, by direction calculation
we have that
g1 “ σpababq “ p1, ababq.
For k ě 1, σkpabq is a word in blocks of acab, acac and acad. Under the substitution,
σpacabq “ pdad, acabq, σpacacq “ pdada, acabq, σpacadq “ pdada, acadq.
Let wk be the word on the left branch of σk`1pababq under the wreath recursion. Then
wk is a product of blocks dad and dada. Since a, d generate the dihedral group xa, d|a2 “
1, d2 “ 1, padq4 “ 1y, we have that pdadq2 “ 1, pdadaq2 “ 1 and the two ele-
ments dad, dada commute. Therefore wk can only evaluate to dad, dada or their product
daddada “ a in xa, dy. In each case we have that wkwk evaluates to the identity element.
It follows that
σk`1pababq “ pwkwk, σkpabqσkpabqq “ p1, σkpababqq.
We have proved the claim that g1k`1 “ p1, g1kq. Since σ doubles the word length in each
iteration, we have that lSpg1kq ď 2k`2.
To get nontrivial elements in Ristu for other vertices in level k, we take appropriate
conjugations of the element g1k . Since the Schreier graph of the level-k vertices with
respect to generators ta, b, c, du is connected (and has diameter 2k), for any u P Tk, we
can fix an element ρu P G such that u ¨ ρu “ 1k and lSpρuq ď 2k. Take
gu “ ρug1kρ´1u .
Since g1k is a nontrivial element in RistGp1kq, it is clear that gu is a nontrivial element in
RistGpuq. We have that lSpguq ď 2k ` 2k`2 ` 2k “ 6 ¨ 2k. Apply Corollary 1.2 with
H “ ‘uPTkRistGpuq and n “ 6 ¨ 2k, we have that for some absolute constant C ą 0,
FølG,Sp6 ¨ 2kq ě 2C2k ,
which is valid for all k. In other words, we have an exponential lower bound FølG,Spnq ě
2Cn{6.
The same argument applies to more general Grigorchuk group Gω , where ω is not
eventually constant. Namely, by taking appropriate substitutions, we can find nontrivial
elements in RistGω puq of word length at most 6 ¨ 2k for every u P Tk. It follows by
Corollary 1.2 that there is an absolute constant C ą 0 such that for any ω P t0, 1, 2uN
which is not eventually constant,
FølGω,Spnq ě 2Cn.
By [20], these groups Gω have sub-exponential volume growth.
3. CYCLIC AND OTHER EXTENSIONS OF NILPOTENT GROUPS
3.1. Step-2-nilpotent-by-cyclic groups G “ GZ,Nil,2, GD,2, and GD,2,k. Consider free
nilpotent group N “ NZ, free of step two on the generators bi, i Ă Z, and let NZ,2 be the
quotient of N , over relations g2 “ e, g P N . Z acts on this group NZ,2 by shifts of the
index set, consider the extension group G “ GZ,Nil,2.
For N as above, denote by bi the free generators of N , and put bi,j “ rbi, bjs, i ą j.
Observe that rbj , bis “ rbi, bjs´1 “ b´1i,j . Given a subset D Ă Z, consider a subgroup BD
of the group generated by bi,j , which is generated by bi,j such that i ´ j P D. Observe
that BD is a normal subgroup of GNil,2. Indeed, subgroup generated by bi,j is central in
8 ANNA ERSCHLER AND TIANYI ZHENG
the subgroup generated by bi, and the action an element z P Z sends bi,j to bi`z,j`z , and
preserves i´ j.
Denote by GD,2 the quotient group of GNil,2 over BD.
Moreover, given a sequence k “ pkjq with kj P N, j P Z, consider the quotient of
G “ GZ,Nil,2 over relations
bi,i`j “ bi`kj ,i`j`kj .
A subgroup generated by such elements is a normal subgroup, we denote by GZ,Nil,2,k the
quotient of G “ GZ,Nil,2 by this normal subgroup and we denote by GD,2,k the quotient
of GD,2 by the image of this subgroup in GD,2.
Example 3.1. When k is constant 1, which means rbi, bjs “ rbi`k, bj`ks for all i, j, k P Z,
the groups GD,2,1 were considered in P. Hall [15]. Note that in this special case GD,2,1 is
a central extension of Z o pZ{2Zq.
The groupsGD,2 andGD,2,k admit the following normal forms for elements. The group
GZ,Nil,2 is generated by two element: b0 and a generator z0 of Z. We use this generating
set tb0, z0u for its quotients as well. Any element of GNil,2 can be written a pf, zq, where
z P Z and f “ ś8´8 bii śiăj bi,ji,j , where each i, i,j P t0, 1u. In the product there are
only finitely many terms with i or i,j nonzero. Note that since the elements bi,j are in the
center of NZ,2, the ordering of bi,j doesn’t matter. Similarly, any element of GD,2 can be
written as pf, zq, where z P Z,
f “
8ź
´8
bii
ź
iăj,j´iRD
b
i,j
i,j .
In the further quotient GD,2,k, an element can be written as pf, zq, where z P Z,
f “
8ź
´8
bii
ź
iăj,j´iRD,0ďiăkj´i
b
i,j
i,j .
Given a word in z˘10 , b0, the standard commutator collecting procedure (see [16, Ch.11])
rewrites it into the normal form described above.
As an illustration of the isoperimetric inequality in Corollary 1.2, we first consider the
following example.
Example 3.2. The Følner function of the group GZ,Nil,2 is asymptotically equivalent to
exppn2q.
Proof. Consider the subgroup Br Ă BZ generated by bi,j , ´r ď i ă j ď r. The length of
each bi,j is at most C 1r, and Br is isomorphic to the product of xbi,jy, ´r ď i ă j ď r.
Applying Corollary 1.2 we conclude that the Følner function of G is at least exppCn2q.
The upper bound that the Følner function is bounded by exppC 1n2q is explained in the
proof of (i) of the Corollary 3.3 below, applied by taking D to be the empty set. 
More generally, Corollary 1.2 provides an optimal lower bound for the Følner functions
of various quotients of GNil,2.
Corollary 3.3. [Følner function of GD,2 and GD,2,k.]
i) Let ρDpnq be the cardinality of NzD X r1, ns and D Ă N. Then the Følner function
of GD,2 is asymptotically equivalent to
exppnρDpnq ` nq.
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FIGURE 3.1. Supports of configurations bi,j for g in the Følner set Ωpnq
(of the groupGZ,Nil,2) are nodes inside the black triangle; for ΩDpnq (in
the group GD,2) these are green nodes inside the black triangle: green
diagonals consist of i, j, i ą j such that i ´ j R D; this picture is for
n “ 7, D contains 2, 6 and 7 and does not contain 1, 3, 4 and 5
In particular, for any non-decreasing ρpnq such that ρpn ` 1q ´ ρpnq ď 1 the function
exppnρpnq ` nq is a equivalent to a Følner function of GD, for some choice of a subset
D Ă N.
ii) Let τD,kpnq “ řj:1ďjďn,jRD mintkj , nu. Then the Følner function ofGD,k satisfies
exppCn` CτD,kpCnqq ď FølGD,kpnq ď expp4n` 2τD,kp2nqq.
In particular, for any non-decreasing function τ such that τpn`1q´τpnq ď n the function
n` τpnq is asymptotically equivalent to log FølGpnq for some G “ GD,2,k.
Proof. i). We say that a configuration f is contained in an interval I if in the normal form
of f , all the nonzero entries i, i,j satisfy i, j P I . For D Ă Z consider the subset ΩDpnq
of GD,2,
ΩDpnq “ tpf, zq : 0 ď z ď n, the configuration f is contained in r0, nsu.
Observe that if g P ΩDpnq, then zb0 P ΩDpnq. Therefore, if g P BΩDpnq, then
gz˘10 R ΩDpnq and z “ 0 or z “ n. For g P ΩDpnq, consider its ”slice” in ΩDpnq:
h P ΩDpnq such that h “ fzm0 , here z0 is a generator of Z and m is some integer. Observe
that for each g P ΩDpnq, the cardinality of such slice is equal to n ` 1 and exactly two
points of each slice belong to the boundary f BΩDpnq, for all n ě 1.
Therefore for all n ě 1
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FIGURE 3.2. Supports of configurations bi,j for g inside the Følner set
ΩD,kj pnq (of the group GD,2,k) are green nodes of truncated diagonals
inside the black triangle. The choice the set of green diagonals (consist-
ing of i, j : i´ j R D) and the choice of the lengths ki of truncated diag-
onals is arbitrary in the definition of GD,2,k; this picture is for n “ 7, D
contains 2, 6 and 7 and does not contain 1, 3, 4, and 5, k1 “ 5, k3 “ 4,
k4 ě 5, k5 “ 3
#BΩDpnq
#ΩDpnq “
2
n` 1 .
Observe that the cardinality of ΩDpnq is equal to
pn` 1q2n`1`
ř
iPr0,nsXNzDpn`1´iq.
It implies that for any D, the Følner function of GD,2 is at most 2n expp2n` 2nρDp2nqq.
Let us show that Corollary 1.2 implies that there exists C ą 0 such that the Følner
function of GD,2 is greater than exppCnρDpCnqq. Consider the collection of bi,j with
0 ď i ă j ď n, j ´ i R D. The length of bi,j is bounded by lSpbi, jq ď 4n, and the
subgroup they generate is isomorphic to a product
śxbi,jy where in the product there areř
iPr0,nsXNzDpn` 1´ iq copies of Z{2Z. By Corollary 1.2, we have that
FølGD,2pnq ě exp
¨˝
C
ÿ
iPr0,nsXNzD
pn` 1´ iq‚˛ě expˆCn
2
ρDpn{2q
˙
.
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Since GD,2 is of exponential growth, we also have FølGD,2pnq ě exppCnq. We conclude
that
FølGD,2pnq „ exppnpρDpnq ` 1qq.
Finally, given any non-decreasing function ρpnq with ρpn` 1q ´ ρpnq ď 1, we can select
the set D Ă N such that
NzD X r0, ns „ ρpnq.
Then the corresponding group GD,2 has Følner function as stated.
The proof of ii) is similar. Given a subset D Ă N and a sequence k “ pkjq, consider
the function
τD,kpnq “
ÿ
iPr0,nsXpNzDq
mintn, ki ´ iu.
With the same argument as in the previous part we see that the cardinality of ΩD,k is equal
to
pn` 1q2n`1`
ř
iPr0,nsXNzD mintn`1´i,kiu,
and that for all n ě 1
#BΩD,kpnq
#ΩD,kpnq “
2
n` 1 .
Observe that
τD,kpn{2q ď
ÿ
iPr0,nsXNzD
mintn` 1´ i, kiu ď τD,kpnq.
The Følner function of GD,2,k is therefore at most exppn ` τD,kpnqq. By the same
argument as in the previous part, from Corollary 1.2 we know that the Følner function of
GD,2,k is greater than exppCn` CτD,kpCnqq for some C ą 0.
Given a prescribed non-decreasing function τ with τpn ` 1q ´ τpnq ď n, we select
D Ă N and kj , j P N by the following rule: if tτpnqu “ tτpn´1qu, then n P D; otherwise
n R D and kn “ tτpnqu´ tτpn´ 1qu. Then we have
τpn{2q ď τD,kpnq ď τpnq.
Then the statement follows.

Remark 3.4. Under the assumptions of part ii) of the previous corollary, we are not able
to say that FølGD,kpnq is asymptotically equivalent to exppn ` τpnqq because it is not
necessarily true that there exists a constant A ą 1 such that τpAnq ě 2τpnq for all n. For
example, τ can be equal to n2i on the interval rni, n2i s.
3.2. More general nilpotent-by-cyclic groups. For nilpotent groups of higher nilpotency
class, we can take cyclic extensions similar to the previous subsection. We consider in this
subsection two specific constructions. In these examples, the group G is a quotient of the
semi-direct product NNil,Z,c ¸ Z, where N “ NNil,Z,c is the step c free nilpotent group
generated by bj , j P Z, subject to relation g2 “ 1 for g P N . The upper bound for the
Følner function ofG follows from taking the standard test sets similar to these in Corollary
3.3. We apply the isoperimetric inequality in Corollary 1.2 to obtain lower bound for the
Følner function: we count the rank of the subgroups in the center of the nilpotent group N
whose generators are inside the ball of distance n in G.
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3.2.1. A construction similar to GD,2. We first recall the notion of basic commutators on
letters bi, i P Z, as in [16, Ch.11]. The basic commutators, together with their weight and
an order, are defined recursively as
1): ci “ bi, i P Z are the basic commutators of weight 1, wpbiq “ 1; ordered with
bi ă bj if i ă j.
2): Having defined the basic commutators of weight less than n, the basic commuta-
tors of weight n are ru, vs where u and v are basic with wpuq `wpvq “ n, u ą v,
and if u “ ru1, u2s then u2 ď v.
3): For a basic commutator u of weight n and a basic commutator v of weight n´1,
we have u ą v. Commutators of the same weight can be ordered arbitrarily, we use
the following: for commutators on different strings, order them lexicographically,
and for different bracketing of the same string, order them arbitrarily with respect
to each other.
The basis theorem (see [16, Theorem 11.2.4]) states that the basic commutators of weight
n form a basis for the free abelian group Fn{Fn`1, where F1 “ F is the free group on
generators pbiqiPZ and Fn “ rF, Fn´1s.
Let NZ,c be the quotient of free nilpotent group of step c on generators bi, i P Z, over
relations g2 “ e. Consider the extension NZ,c ¸ Z, where Z acts by translating generators
of NZ,c, that is bzi “ bi`z . Note that Z acts also on commutators by translating the indices,
and we write uz for the conjugation: for u a basic commutator on string pbi1 , ..., bikq, write
uz for the same bracketing on the string pbi1`z, ..., bik`zq.
We will take quotients of the group NZ,c ¸ Z in what follows. First we set some nota-
tions. Let Q be a subset of basic commutators of NZ,c satisfying the condition that
‚ If u P Q, then uz P Q as well for any z P Z,
‚ If ru, vs P Q where u and v are basic commutators, then u, v P Q as well.
Let NZ,Q be the quotient of NZ,c with the relations that all basic commutators except
those in QZ are set to be identity. Note that such an operation is well defined because the
basic commutators form a basis in the free nilpotent group NZ,c .
The commutators in Q inherit the ordering of basic commutators. The standard word
collecting process in NZ,Q (see [16, Section 11.1]) yields a normal form for elements:
every element f P NZ,Q can be written uniquely as an ordered product of bj’s and basic
commutators in Q, that is
f “
ź
cPQ
cδc
ź
jPZ
b
εj
j ,
where bj , δc P t0, 1u and only finitely many bj and δc’s are 1.
LetEdpnq be the subset of weight d basic commutators on letters from the set tb´n, . . . , bnu.
Write Epnq “ Ycd“2Edpnq and Ed “ Y8n“1Edpnq. By construction, basic commutators
in QXEd form a basis for the abelian quotients pNZ,Qqd{pNZ,Qqd`1, for each 2 ď d ď c.
The extensions by Z of NQ is denoted by GQ “ NQ ¸ Z.
By a similar reasoning as in the step 2 case, we obtain a lower bound of the Følner
function by counting the number of basis element in each abelian quotient.
Corollary 3.5. Let ρQpnq be the cardinality of the set Q X Epnq. Then there exists a
constant C depending on c such that the Følner function of GQ “ NZ,Q ¸ Z satisfies
Cn exp pρQpnqq ě FølGQpnq ě exp
ˆ
1
C
ρQpnq
˙
.
ISOPERIMETRIC INEQUALITIES 13
Proof. We show the lower bounds first. Given n, let d “ dpnq P t1, . . . , cu be an index
such that |Edpnq XQ| ě 1cρpnq. Consider the projection of GQ to step d quotient, so that
now QZ X Ed is in the center of the nilpotent group. Observe that each basic commutator
QZ X Edpnq is within distance 2d`2n to identity element of GQ. The number of such
non-trivial basis element is |Edpnq X Q|. We can now apply Corollary 1.2 to obtain the
lower bound on FølGQpnq in the same way as in Corollary 3.3.
The upper bound on the Følner functions follow from sets Ωn which is defined as all
group elements that can be written as pf, zq where z P r´n, ns and f is a product of basic
commutators only involving generators bj with j P r´n, ns.

3.2.2. A construction similar to GD,2,k. Now similar to the case when Z acts on a step-
2 nilpotent group, we can consider the case that on a nilpotent group of step c, where
c ě 2, and impose relations such that the Z-orbits of commutators are periodic. Note that
introducing such relations on commutators has consequences on the relations of higher
commutators where they appear. Here we will consider a specific way of assigning peri-
odicity, which is sufficient to prove the following result on nilpotent-by-cyclic groups with
prescribed Følner function.
Following [14], we say that a µ-random walk on G is cautious (along an infinite subse-
quence) if for every c ą 0,
(3.1) lim sup
n
P
ˆ
max
1ďkďn |Wk|G ď c
?
n
˙
ą 0.
By [14, Corollary 2.5], if a group admits a symmetric probability measure µ of finite
generating support such that the µ-random walk is cautious, then it has property HFD.
Theorem 3.6. Let c P N and τ : NÑ N be a non-decreasing function such that
0 ď τpnq ď nc.
Then there exists a group nilpotent-by-cyclic group G “ N ¸ Z and a constant C ą 1
such that N is nilpotent with class ď c and the Følner function of G satisfies
Cn exp pn` τpnqq ě FølG,Spnq ě exp
ˆ
1
C
pn` τpn{Cqq
˙
.
Alternatively, a group satisfying the estimate above can be chosen as a direct product
G1ˆG2 where each Gi, i P t1, 2u, is a nilpotent-by-cyclic group on which simple random
walk is cautious as in (3.1).
Proof. If τ is bounded, then the lamplighter group Z o pZ{2Zq satisfies the inequality in the
statement. In what follows we assume that τ is unbounded.
Define a sequence of indices pkiq recursively as
ki`1 “ mintn ą ki : τp2nq ě 2τp2kiqu.
By assumption on τ , we have that τ
`
2ki
˘ ď `2ki˘c . For each i, let ci be the integer such
that `
2ki
˘ci´1 ă τ `2ki˘ ď `2ki˘ci .
For each ki, we consider the group Ni which is a quotient group of NZ,ci . The group Ni
is generated by tbj , j P Zu, with relations
bi “ bj if i ” j mod 2ki ,
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and relations imposing that a commutator on a string pbi1 , bi2 , . . . , bi`q is trivial whenever
min
1ďj,kď` dp¯ij , i¯kq ă 2
ki´ci ,
where d denotes the distance on the cycle Z{2kiZ. Note that the finite cyclic group Z{2kiZ
acts on Ni by shift. Let Gi be the extension of Ni by Z{2kiZ. By construction, the Z{2Z
rank of the center of Ni satisfies
1
C
p2kiqci ď RankZ{2ZpCenterpNiqq ď Cp2kiqci .
Under the action of Z, the elements of the center of Ni are divided into Z{2kiZ-orbits and
each orbit has size 2ki .
Further, we choose to keep tτp2kiq{2kiu of distinct Z{2kiZ-orbits under the action of
Z{2kiZ in the center ofNi. The other orbits in the center ofNi under action of Z{2kiZ are
set to be equal to identity element. Since this operation is performed in the center, it doesn’t
affect the lower levels. We denote by N¯i this quotient group of Ni. By construction, the
Z{2Z-rank of the center of N¯i is comparable to τp2kiq.
We denote by G¯i the extension of N¯i by Z{2kiZ . It is a quotient group of Γ “ NZ,c¸Z.
Let pii be the quotient map
pii : Γ Ñ G¯i.
We take the group G in the claim of the theorem to be
G “ Γ{ X8i“1 ker
`
pii : Γ Ñ G¯i
˘
.
That is, G is the smallest group that projects onto each G¯i marked with generating set
tb0, tu.
We now verify that the Følner function of G satisfies the estimate as stated. In order to
prove the lower bound for the Følner function, for n P r2ki , 2ki`1s, consider the quotient
group G¯i, then we have
FølG,Spnq ě FølG¯i,Sp2kiq.
By construction of the group G¯i, we have τp2kiq central nodes within distance C2ki .
Therefore, by Corollary 1.2 we have
FølG¯i,SpC2kiq ě exppτp2kiq{Cq.
By definition of ki`1 we have that τpn{2q ă 2τp2kiq, thus we have proved the lower
bound on FølG,Spnq.
In order to show the upper bound of the Følner function, note that for n P r2ki , 2ki`1s,
the ball of radius n around identity in G¯j with 2kj´c ą n are the same as the ball of
same radius in Z o pZ{2Zq. Then take the test set to be those elements which have support
contained in r´n, ns. We have that the volume of this set is bounded from above by
2n22n
ź
j:2kj´căn
#G¯j ď 2n22n
ź
j:2kj´căn
exppCτp2kj qq ď exp pCn` CτpCnqq .
In the last inequality, we used the fact that by choice of kj , τp2kj´1q ď 12τp2kj q, thus the
summation in the exponential function is bounded by a geometric sum. This completes the
proof of the first claim of the theorem.
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Next we show the second claim of the theorem. For a sequence of increasing integers
pmiq, and a given prescribed function τ , set
τ1pnq “ τpnq for n P rm2j´1,m2js and τ1pnq “ τpm2jq for n P rm2j ,m2j`1q;
and
τ2pnq “ τpm2j´1q for n P pm2j´1,m2jq and τ2pnq “ τpnq for n P rm2j ,m2j`1s.
Then both functions satisfy the assumption that 0 ď τipnq ď nc, i “ 1, 2. Then as in the
proof above, there is a nilpotent-by-cyclic group Gi such that log FølGi is equivalent to
n` τipnq. It follows that for the direct product Γ “ G1ˆG2, log FølΓpnq is equivalent to
n`maxtτ1pnq, τ2pnqu “ n` τpnq.
It remains to verify that for sufficiently fast growing sequence pmiq, the random walk
on each Gi, i “ 1, 2, is cautious. Since τ1 is constant on rm2j ,m2j`1q, it follows from the
construction that there is index ipjq such that
2kipjq ď m2j and 2kipjq`1 ě m2j`1.
It implies that in G1, the ball of radius cm2j`1 is the same as in
G˜ipjq “ Γ{
`X1ďkďipjq kerpΓ Ñ G¯kq X kerppi0 : Γ Ñ Z o pZ{2Zqq˘ .
The group G˜ipjq fits into the exact sequence
1 Ñ Nipjq Ñ G˜ipjq Ñ Z o pZ{2Zq,
where Nipjq is a finite nilpotent group depending only on value of τ1 on r0,m2js. Take
m2j`1 to be sufficiently large such that
m2j`1 " DiamG¯ipjq,SpNipjqq.
Then we have that for simple random walk on G1, k ď cm2j`1,
|Wk| ď DiamG¯ipjq,SpNipjqq ` |W¯k|,
whereW k is the projection of the random walk to Z opZ{2Zq. It follows that for cm2j`1 ą
t " DiamG¯ipjq,SpNipjqq, for any c1 ą 0
P
ˆ
max
1ďkďt |Wk|G1 ď c
1?t
˙
ě P
ˆ
max
1ďkďt
ˇˇ
W k
ˇˇ
G1
ď c
1
2
?
t
˙
ě δc1,
where δpc1q ą 0 is a constant only depending on c1. The last inequality used the fact
that simple random walk on the lamplighter Z o pZ{2Zq is cautious. The argument for the
random walk on G2 is the same, by choosing m2j to be sufficiently larger than m2j´1.

Recall that the conjugacy class of an element g P G is the set thgh´1 : h P Gu. The
FC-center of the group consists of elements with finite conjugacy classes. We say G is an
FC-central extension of H if the kernel of the quotient map G Ñ H is contained in the
FC-center of G.
Lemma 3.7. The nilpotent-by-cyclic group G in Theorem 3.6 is an FC-central extension
of Z o pZ{2Zq.
Proof. A formal commutator u on a string pbi1 , bi2 , . . . , bi`q is nontrivial in only finitely
many nilpotent groups Ni in the construction. Indeed, to be nontrivial in Ni, we need
min1ďj,kď` dp¯ij , i¯kq ě 2ki´ci on the cycleZ{2kiZ. SinceG “ Γ{X8i“1ker
`
pii : Γ Ñ G¯i
˘
,
we have that the conjugacy class of image of u inG is contained in a subgroup of the direct
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product of finitely many Ni’s. Since each Ni is a finite nilpotent group, it follows that the
commutator u is in the FC-center of G. We conclude that G is an FC-central extension of
Z o pZ{2Zq.

Example 3.8. A few examples of functions that satisfy the assumption of Proposition 3.6:
‚ τpnq “ nα, for some α P r1, cs.
‚ The function τ admitting an increasing sequence of integers pnjq and α, β P p0, cs
such that
τpnq “ nα for n P rn2j´1, n2js and τpnq “ nβ for n P rn2j , n2j`1s.
Note that if α ď 1, then n` nα is equivalent to n.
‚ The function τ admitting an increasing sequence of integers pnjq and α P p1, cs
such that
τpnq “ nα for n P rn2j´1, n2js
and τ is constant on rn2j , n2j`1s.
3.3. Oscillating Følner functions and oscillating drift functions. Theorem 3.6 allows
us to construct groups with prescribed Følner functions, in particular, the prescribed Følner
function can oscillate. Now we recall some previously known results about oscillating
Følner functions and drift functions. Recall the drift function of a random walk with step
distribution µ is defined as
Lµpnq “
ÿ
xPG
dpe, xqµpnqpxq.
We say the µ-random walk is diffusive along a subsequence if
(3.2) lim inf
n
Lµpnq{?n ă 8,
It is not known whether the diffusive condition (3.2) and the cautious condition (3.1) are
equivalent.
The phenomenon of oscillating Følner function and drift function has been observed in
various classes of groups.
Grigorchuk [20] has constructed groupsGw of intermediate growth and shown that if w
contains long subsequence of 010101 . . . thenGw in some scale is close to a solvable group
which is a subgroup of Hm (m depends on the scale), where H is commensurable with
a wreath product on which one can check that simple random walk has drift LH,νpnq ď
C
?
n. Thus the results of [20] imply that for any αpnq tending to infinity, there exists a
choice of sequence w such that the resulting group Gw is of intermediate volume growth
and simple random walk µ on it satisfies
Lµpniq ď αpniq?ni
along an infinite subsequence pniq. For the same reason we have that along a subsequence
pmiq, FølGwpmiq ď exppmiαpmiqq, and one can find a Følner set Vi with #BVi{#Vi ď
1{mi within the ball of radius miαpmiq. On the other hands, if w contains long subse-
quences of 012012012 . . . , then [20] shows that Gw is close on some scales to a group
commensurable with G012. The group G012 is defined with sequence w “ p012q8 and
is usually referred to as the first Grigorchuk group. The result of [11] shows that the drift
function of simple random walk on G012 satisfies LG012,µpnq ě n0.65 for infinitely many
n. This implies that by choosing w appropriately, the drift of simple random walk on
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Gw can oscillate between n1{2αpnq and n0.65{αpnq for any αpnq Ñ 8 as n Ñ 8, see
[13, Section 3.1].
The construction of piecewise automatic groups in [12] (see also [13]) shows that in
a group of intermediate growth, the drift function Lµpnq can oscillate between n1{2αpnq
and arbitrarily close to linear; and the Følner function can be bounded from above by
exppnαpnqq along one subsequence, and arbitrarily large along another subsequence.
In both classes mentioned above one does not know how to evaluate asymptotic of
Lµpnq and FølGpnq.
The evaluation of Lµpnq in a family of examples including those with oscillating drift
functions was done by Amir and Virag [1] , who has shown that a function f satisfies the
condition that there is a constant γ P r3{4, 1q such that a3{4fpxq ď fpaxq ď aγfpxq for
all a ą 0, x ą 0, then f is equivalent to the drift function of simple random walk on some
group. In a paper of Brieussel and the second author [3], via a different construction, it was
shown that for any function satisfying a1{2fpxq ď fpaxq ď afpxq, there is a group such
that f is equivalent to the drift function of simple random walk on it. This construction
also provides examples of groups with prescribed Følner function.
The examples of Gw in [20], piecewise automatic groups in [12] and examples of [3]
can be chosen to satisfy Lµpnq ď ?nαpnq for infinitely many n for any given α tending
to infinity, but none of these examples can have Lµpnq ď C?n along some infinite subse-
quence. Now our examples discussed in Subsection 3.3.2, Section 5 and those described in
[4, Subsection 3.3] provide groups with oscillating drift function satisfying diffusive upper
bound along a subsequence (3.2).
Corollary 3.9. Given any β P p 12 , 1q, there exists a nilpotent-by-cyclic group G such
that for any symmetric probability measure µ with finite generating support on G, the
drift function Lµpnq satisfies that Lµptiq ď Ct1{2i along an infinite subsequence ptiq and
Lµpniq ě 1Cnβi along another infinite subsequence pniq.
Proof. Given β, let α be an exponent such that α2`α ą β. Take a rapidly growing sequencepmiq, and set
τpnq “ nα for n P rm2j ,m2j`1s and τpnq “ mα2j`1 for n P rm2j`1,m2j`2q.
By Theorem 3.6, there is a nilpotent-by-cyclic groupG such that log FølGpnq is equivalent
to n` τpnq. When pmiq grows sufficiently fast, we have that along a subsequence ptiq, the
random walk is cautious and diffusive by comparison to the projection to the lamplighter;
while along another subsequence pniq, we have µnipeq ď exp
´
´cn α2`αi
¯
. This implies
Lµpnq oscillates between n α2`α and n1{2, see Remark 3.10 below. 
3.3.1. Examples of groups with propertyHFD. As we have mentioned in the Introduction,
a group G is said to have Shalom’s property HFD if every orthogonal G-representation pi
with non-zero reduced cohomologyH
1pG, piq admits a finite-dimensional sub-representation.
By a result of Gournay [18, Theorem 4.7], if the quotient of a group over its FC-centre
has Shalom’s property HFD, then the group also has this property. Therefore by applying
this result and Lemma 3.7, for the groups constructed in Proposition 3.6, we have that they
have property HFD. Alternatively, by a generalization of Gournay’s result, [3, Proposition
4.7] implies that the group NNil,Z,c ¸ Z has property HFD. Therefore its quotient groups
considered in the previous subsection have property HFD as well.
In Theorem 3.6 we have shown that group satisfying the claim of the theorem can be
chosen to be a direct product of two groups, on each simple random walk is cautious. Thus
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an alternative way to prove property HFD of these groups is to use [14, Corollary 2.5] (and
the fact that the direct product of groups with Shalom’s property also has this property). In
Remark 3.10 below we show that the property of admitting a cautious simple random walk
is strictly stronger than having property HFD.
It was shown in [4] that the construction of [3], as well as a variation of it can be used to
provide groups with Shalom’s property HFD and prescribed Følner function. Groups we
consider in Subsection 3.1, 3.2 provide another simple construction of this kind.
Remark 3.10. Examples of groups with property HFD and Følner function ľ exppn2`δq
show that admitting a cautious simple random walk is a strengthening of property HFD.
If the Følner function of G satisfies FølGpnq ľ exppn2`δq for some δ ą 0, then for
any symmetric probability measure µ on G with finite generating support, the µ-random
walk is neither cautious nor diffusive. Indeed, by the general relation between isoperimetry
and decay of return probability (see e.g. [37, Theorem 14.3]), the lower bound on Følner
function implies that the return probability µnpeq ĺ expp´n 2`δ4`δ q. It follows thatÿ
gPBpe,C?nq
µ2npgq ď
ÿ
gPBpe,C?nq
µ2npeq “ op1q for all C ą 0.
Therefore the µ-random walk is not cautious. Since the entropy satisfies Hµp2nq ě
´ logµ2npeq, we have
Lµp2nq ě cHµp2nq ě c1n 2`δ4`δ
for some constants c, c1 ą 0. Thus the random walk is not diffusive along any infinite
subsequence.
3.3.2. Sufficient condition for cautiousness. A sufficient condition for a symmetric µ-
random walk to be cautious is that the `2-isoperimetry inside balls satisfies the upper bound
in the following lemma. Denote by
λµpBpe, rqq “ inf
#
1
2
ÿ
x,yPG
pfpxq ´ fpxyqq2µpyq : suppf Ď Bpe, rq : }f}2 “ 1
+
.
Note that by Coulhon-Saloff-Coste isoperimetric inequality [5], it always admits a lower
bound that for some constant c “ cpµq ą 0, for all r ě 1,
λµpBpe, rqq ě cr´2.
If the opposite inequality holds along a subsequence of balls Bpe, riq, then the random
walk is cautious:
Lemma 3.11. Suppose there exists a constant C ą 0 and a sequence of ballsBpe, riq with
ri Ñ8 as iÑ8, such that
(3.3) λµpBpe, riqq ď Cr´2i ,
Then the µ-random walk is cautious in the sense of (3.1).
Proof. Let pWkq be the µ-random walk trajectory. We first show that
max
xPBpe,rq
Px pWk P Bpe, rq for all k ď nq ě p1´ λµpe, rqqn.
This inequality is a known bound which can be obtained from the eigenbasis expansion of
the transition probability with Dirichlet boundary on the ball Bpe, rq. We provide a proof
ISOPERIMETRIC INEQUALITIES 19
for the convenience of the reader. Let PDn be the semigroup with Dirichlet boundary on
the ball Bpe, rq. We recall that by definition
PDn fpxq “ ExrfpWnq1tnăτus,
where f has zero boundary condition on Bpe, rq, Wn is the random walk with step dis-
tribution µ and τ is the stopping time that the random walk first exits Bpe, rq. Let λ1 ă
¨ ¨ ¨ ď λv be the eigenvalues of I ´ µ with Dirichlet boundary on the ball, and ϕ1, ¨ ¨ ¨ , ϕv
be the corresponding eigenfunctions normalized in such a way that }ϕi}2 “ 1. Note that
λ1 “ λµpBpe, rqq and ϕ1 is non-negative. Then
PDn px, yq “
vÿ
i“1
p1´ λiqnϕipxqϕipyq.
Let x0 be a point in Bpe, rq such that ϕ1 achieves its maximum at x0. Thenÿ
yPBpe,rq
PDn px0, yqϕ1px0q ě
ÿ
yPBpe,rq
PDn px0, yqϕ1pyq
“ p1´ λ1qnϕ1px0q
¨˝ ÿ
yPBpe,rq
ϕ1pyq2‚˛“ p1´ λ1qnϕ1px0q.
Therefore
Px0 pWk P Bpe, rq for all k ď nq “
ÿ
yPBpe,rq
PDn px0, yq ě p1´ λµpe, rqqn.
To see that the assumed bound (3.3) imply cautiousness, note that
Pe
ˆ
max
kďn |Wk| ď 2r
˙
ě max
xPBpe,rq
Px pWk P Bpe, rq for all k ď nq .
Given any constant c ą 0, take the time subsequence ni “ pri{cq2, we have
Pe
ˆ
max
kďni
|Wk| ď 2c?ni
˙
ě p1´ Cr´2i qr
2
i {c2 ě δpc, Cq ą 0.

Følner pairs were used in Coulhon, Grigoryan and Pittet [6] to produce lower bounds on
return probability (and upper bounds on `2-isoperimetric profiles). We recall the definition:
a sequence pF 1n, Fnq of pairs of finite subsets of G with F 1n Ă Fn is called a sequence of
Følner pairs adapted to an increasing function Vpnq if there is a constant C ă 8 and such
that for all n, we have
(1): #Fn ď C#F 1n,
(2): dpF 1n, GzFnq ě n,
(3): #Fn ď VpCnq.
Note that admitting such a sequence of Følner pairs implies that FølGpnq ĺ Vpnq.
Remark 3.12. Følner pairs provide lower bound for return probability µp2nqpeq for a sym-
metric probability measure µ of finite support on G, see [6]. We mention that the group
with prescribed Følner function in Theorem 3.6 admit Følner pairs adapted to a functions of
the same order as its Følner function. For example, from Theorem 3.6, we have nilpotent-
by-cyclic groups with return probability decay equivalent to e´nα , for any α P r1{3,8q.
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The notion of controlled Følner pairs was introduced by Tessera in [34]. We say
pF 1n, Fnq with F 1n Ă Fn is a sequence of controlled Følner pairs if they satisfy (1) and
(2) as above, and
(31): Fn Ă Bpe, Cnq.
Note that it follows from definition that controlled Følner pairs are adapted to the volume
growth function of the group. We say that a group admits a subsequence of controlled
Følner pairs if there is an infinite subsequence pniq and pairs pF 1ni , Fniq which satisfy
(1),(2) and (3’).
Having a controlled Følner pair F 1i Ă Fi as above implies (see [34, Proposition 4.9])
λµpBpe, Cniqq ď Cn´2i
for any finitely supported symmetric probability measure µ. Thus the previous lemma
together with [14, Corollary 2.5] yields the following.
Corollary 3.13. Suppose a finitely generated group admits a subsequence of controlled
Følner pairs, then it has property HFD.
Tessera [34] defined a class of groups pLq which includes polycyclic groups, solvable
Baumslag-Solitar groups and wreath products Z oF with F finite, and showed that a group
from this class admits a full sequence of controlled Følner pairs. Moreover, in [35], he
proved this property holds for quotient of any solvable algebraic group over a q-adic field
where q is a prime. Shalom [32] proved that polycyclic groups have property HFD, using
a theorem of Delorme [8] concerning the cohomology of irreducible unitary representation
of connected Lie groups. Controlled Følner pairs in polycyclic groups provide another
argument to establish propertyHFD for these groups, which does not use Delorme’s result.
Remark 3.14. By [33, Theorem 1], the asymptotic behavior of the `2-isopemetric profile
inside balls λµpBpe, rqq is invariant under quasi-isometry. Therefore the property of satis-
fying the assumption of Lemma 3.11 is stable under quasi-isometry. Since having property
HFD is a quasi-isometry invariant of amenable groups by [32], it seems interesting to ob-
tain sufficient geometric criteria for this property that are stable under quasi-isometry as
well. The property of admitting controlled Følner pairs is stable under quasi-isometry. It is
not known whether the conditions in the proposition of Ozawa [29] and of [14, Corollary
2.5] are quasi-isometry invariants.
3.4. Some other extensions. We mention here some other extensions of nilpotent groups
where the isoperimetric inequality of Corollary 1.2 can be applied to obtain good lower
bound for the Følner function.
Similar to the groups in Subsections 3.1, 3.2, we can drop the torsion relation that
g2 “ 1 and consider cyclic extensions of torsion free nilpotent groups.
Example 3.15. Let NZ,c be the free nilpotent group of class c on generators bi, i P Z. Let
G “ GZ,c be the extension NZ,c ˆ Z, where Z acts by shifting indices. Then S “ tb0, tu
is a generating set of G. The Følner function of G is asymptotically equivalent to nn
c
.
Proof. The proof of the lower bound is similar to the torsion case, we look for elements in
the center of NZ,c that can be reached within distance n and apply Corollary 1.2.
For a given tuple i1 ă i2 ă ¨ ¨ ¨ ă ic, let upi1, . . . , icq “ rrbi1 , bi2s, . . . , bics. Note that
it is in the center of N and belongs to the collection of basic commutators. We have that
upi1, . . . , icqm “ rrbi1 , bi2s, . . . , bmic s.
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Given n, consider the abelian subgroup of the center of N
Hn “
ź
0ăi1ă¨¨¨ăic
xupi1, . . . , ucqy.
For each cyclic factor in Hn, we have the length estimate
lSpupi1, . . . , ucqmq “ lSprrbi1 , bi2s, . . . , bmic sq ď Cpcqpn`mq,
where Cpcq ą 0 is a constant only depending on c. Now we apply Corollary 1.2 with the
choice of length bound 2Cpcq and k “ n. The number Np2Cpcqn, nq of indices such that
that are least least n distinct non-identity elements in the cyclic group xupi1, . . . , ucqy is`
n
c
˘
. It follows from Corollary 1.2 that
FølG,Sp2Cpcqnq ě nCnc .
The upper bound that FølG,Spnq ď nC1pcqnc follows from choosing the following test set.
For an element in G, it can be written uniquely in the normal form pf, zq where z P Z and
f is a ordered product in terms of basic commutators f “ śufpuq, where fpuq P Z is
non-zero for only finitely many commutators. Recall that wpuq denotes the weight of u,
which is equal to the commutator length, e.g. wpri1, i2sq “ 2. Take the subset
Ωn “ tpf, zq P G : suppf Ă r0, ns, |fpuq| ď nwpuq, 0 ă z ď nu,
it is easy to verify that #Ωn{Ωn ď C{n. And it is clear that the volume of Ωn is bounded
by
#Ωn ď n ¨ nCpcqnc .

We can then consider various quotients of GZ,c similar to Subsection 3.2, namely by
adding relations that certain basic commutators vanish or imposing finite orbits under the
action of Z as in the proof of Theorem 3.6. The resulting groups are torsion-free-nilpotent
by cyclic. To bound the Følner function from below, in the same way as illustrated in
Example 3.15, we look for elements in cyclic factors of the center of the nilpotent group
within the ball of radius n of identity in the ambient group and apply Corollary 1.2.
Since torsion free nilpotent groups are left-orderable, their cyclic extensions are left-
orderable as well, see e.g. [9, subsection 2.1.1]. By a result of Gromov [25, Section 3.2],
for such left orderable groups, the linear algebraic Følner function (for definition see [25])
is equal to the usual (combinatorial) Følner function. Removing the torsion relations from
the construction of groups in Theorem 3.6, we obtain that for any prescribed increasing
function 0 ă τpnq ď nc log n, there exists a group G “ N ¸ Z where N is torsion free
nilpotent of step ď c and log FølG,Spnq is asymptotically equivalent to n log n ` τpnq.
Moreover in the lower central series of N , each quotient is torsion-free abelian. Therefore
the group G is left-orderable. It follows that the linear algebraic Følner function coincide
with the usual combinatorial Følner function, thus satisfying the same estimate.
For the free nilpotent group NZd,c of step c on generators bx, x P Zd, we can consider
the extension NZd,c ¸ Zd and its various quotients. The method of looking for elements
in cyclic factors in the center of the nilpotent group and applying Corollary 1.2 provides
sharp lower bounds for the Følner functions of these groups as well. For example, we have
FølNZd,c¸Zdpnq ľ nn
dc
.
We mention that all the torsion free nilpotent-by-abelian groups discussed in this sub-
section doesn’t have Shalom’s property HFD, because they all admit Z o Z as a quotient
group. The wreath product Z o Z doesn’t have property HFD by [32, Theorem 5.4.1.].
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4. EXTENSIONS OF A SYMMETRIC GROUP ON A COUNTABLE SET
Let H be a finitely generated group equipped with a symmetric finite generating set S,
e.g. H “ Zd. Consider the group of permutations of H with finite support. Let SymH be
the extension of this group by H . It is clear that SymH is a finitely generated group, one
choice of generators S˜ is transpositions pe, sq, s P S and the generators S of H . In this
section we derive a lower bound on the Følner function on SymH in terms of the volume
growth of H .
Let SympXq be the symmetric group on a countable set X . For a finite subset Y Ă X
denote by T pY q the set of transpositions between points in Y , T pY q “ tpy1, y2q : y1, y2 P
Y u. Here py1, y2q denotes the permutation that transposes y1 and y2. The following lemma
provides a lower bound for the cardinality of sets in SympXq which are C-satisfactory
with respect to T pY q. By definition, V is C-satisfactory with respect to T pY q if for each
v P V and at least C#T pY q “ C2 #Y p#Y ´ 1q multiplications by distinct transpositions
t P T pY q remain in V , that is, vt P V .
Lemma 4.1. [Satisfactory sets in finite symmetric groups] For each C ą 0, there exists
D “ DpCq ą 0 such that the following holds. Let Y be a finite subset of X . Suppose that
a finite subset V in SympXq is C-satisfactory with respect to T pY q, then the cardinality
of V is at least pD#Y qD#Y .
Proof. Write n “ #Y . We prove a more general claim. Let m P N, and we say that
V Ă SympXq satisfies the assumption p˚q for m if for each v P V , there are at least m
distinct elements of T pY q such that v multiplied with the element (on the right) remains in
V . We show that if V verifies assumption p˚q for m, then the cardinality of V is at least
pm{p2nqqm{p2nq. The lemma is stated for m “ Cn2.
To prove this, observe that for any given v P V , there exists a j P Y , such that vpj, kq P
V for at least m{n distinct k’s, k P Y . We fix one of such v and j. Consider Vk to be
elements σ of V such that σpv´1pjqq “ k. It is clear that V is a disjoint union of Vk,
where the union is taken over k P X . Note that #V ě mn min #Vk, where the minimum
is take over k such vpj, kq P V .
Next we show that for each Vk where k is such that vpj, kq P V , the assumption p˚q is
verified for m1 “ m´ n. Indeed, for u P Vk there are at least m distinct transpositions in
T pY q such that vt P V . Among them, if t “ pr, sq satisfies ut P V but ut R Vk, then it
implies that either r “ k or s “ k. Changing if necessary the notation, we can assume that
r “ k. It follows that among these m distinct transpositions, there are at most n of them
such that ut P V but ut R Vk. In other words, for each u P Vk, there are at least m ´ n
distinct transpositions t P T pY q such that ut P Vk.
Repeat this process for m{2n steps, we have that the cardinality of V is at least
#V ě pm{nq ppm´ nq{nq ppm´ 2nq{nq ¨ ¨ ¨ ě pm{p2nqqm{p2nq.
In particular, for V verifying the assumption p˚q for m ě Cn2, the cardinality of V is at
least DnDn, for some constant D ą 0 depending only on C.

We now proceed to prove Corollary 1.3. Given h1, h2 P H , the transposition ph1, h2q
has length at most 4lH,SH ph1q ` 2lH,SH ph2q. Indeed, ph1, h2q “ h´11 pe, h2h´11 qh1. Take
a transposition pe, hq where e is the identity element. Write h as a shortest path in the
generators: h “ si1 ¨ ¨ ¨ si` where ` “ lH,Sphq. We have
pe, hq “ pe, si1q ¨ ¨ ¨ pe, si`´1qpe, si`qppe, si1q ¨ ¨ ¨ pe, si`´1qq´1.
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Therefore, lSymH ,S˜ppe, hqq ď 2lH,Sphq ´ 1. It follows that
lSymH ,S˜pph1, h2qq ď 2lH,Sph1q ` 2lH,Sph2h´11 q ď 4lH,Sph1q ` 2lH,Sph2q.
Proof of Corollary 1.3. Given n ě 1 consider the set Tn of transpositions
Tn “ T pBHpe, nqq “ tph, h1q| h, h1 P H,where lH,Sphq, lH,Sph1q ď nu.
Then by the length estimate above, we have that elements of Tn are of length at most 6n
in SymH .
Let V be a Følner set of SymH such that #BS˜V {#V ď 1{200n. Then by Theorem 1.1,
this set is 1{4-satisfactory with respect to Tn. Since Tn Ă SympHq, we can assume, by
taking cosets, that V contains a subset V 1 Ă SympHq that is 1{4-satisfactory with respect
to Tn. Apply Lemma 4.1 with Y “ BH,Spe, nq, it follows that there exists an absolute
constant c ą 0 such that
#V ě pcvH,SpnqqcvH,Spnq.

Note that the lower bound of FølSymH in Corollary 1.3 is better than what we would
obtain by applying Corollary 1.2 instead of volume lower bound for satisfactory sets with
respect to transpositions. Indeed, for any choice of abelian subgroup of SympBH,Spe, nqq,
by applying Corollary 1.2, we only get the lower bound of order exppnq.
Example 4.2. TakeH “ Zd, by Corollary 1.3, the Følner function ofG “ SympZdq¸Zd
is asymptotically greater to equal than nn
d
. The group G admits Følner pairs adapted
to the function nn
d
. By [6] and the general relation between Følner function and decay
of return probability (see e.g. [37, Theorem 14.3]), we deduce that the return probabil-
ity µp2nqpeq of simple random walk on SympZdq ¸ Zd is asymptotically equivalent to
exp
´
´nd{d`2 log2{d`2 n
¯
. We mention that random walk on SympHq ¸H is called the
mixer chain in Yadin [38], where the drift function of the random walk on SympZq ¸ Z is
estimated.
5. LACUNARY HYPERBOLIC EXAMPLES
In this section we show that there exist non-virtually cyclic amenable groups with
Shalom’s property HFD that are lacunary hyperbolic. Asymptotic cones first appeared
in the proof of the polynomial growth theorem by Gromov in [23]. Roughly speaking, an
asymptotic cone of a metric space is what one sees when the space is viewed from infin-
itely far away. For a definition using ultrafilters see van den Dries and Wilkie [36]. A
well-known result of Gromov [24] states that a finitely generated group is hyperbolic if
and only if all its asymptotic cones are R-trees. Recall that a group is lacunary hyperbolic
if one of its asymptotic cone is an R-tree. By Olshanskii, Osin and Sapir [27, Theorem
1.1], lacunary hyperbolic groups can be characterized as certain direct limits of hyperbolic
groups. More precisely, a finitely generated group G “ xSy is lacunary hyperbolic if and
only if G is the direct limit of a sequence of hyperbolic groups Gi “ xSiy, Si finite, with
epimorphisms
G1
α1ÝÑ G2 α2ÝÑ . . .
satisfying αipSiq “ Si`1 and δi{ri Ñ 0 as iÑ 8, where δi is the hyperbolicity constant
of Gi relative to generating set Si, and ri is injectivity radius of the map αi.
Osin, Olshanskii and Sapir in [27] constructed lacunary hyperbolic groups that served
as examples/counter examples to various question. In particular, using central extension of
24 ANNA ERSCHLER AND TIANYI ZHENG
lacunary hyperbolic groups they show that there exists a group whose asymptotic cone with
countable but non-trivial fundamental group. They prove that what is called ”divergence
function” (measuring how much the distance between two points outside the ball of given
radius increases after removing this ball) can be arbitrary close to linear, but not being lin-
ear. They also show that the class of lacunary hyperbolic group is quite large: for example,
one can find infinite torsion groups among lacunary hyperbolic groups; some of lacunary
hyperbolic groups are amenable. Properties of endomorphisms and automorphisms of la-
cunary hyperbolic groups were investigated in Coulon-Guirardel [7]. In particular, every
lacunary hyperbolic group is Hopfian, see [7, Theorem 4.3].
We now briefly describe the construction of lacunary hyperbolic elementary amenable
groups in [27, Section 3.5]. These groups are locally-nilpotent-by-Z, which was considered
previously in [25, Section 8]. Let p be a prime number and c “ pciq be an increasing
sequence of positive integers. Let A “ App, cq be the group generated by bi, bpi “ 1, i P Z
with the following defining relations:“rbi0 , bi1s , . . . , bicn ‰ “ 1 if maxj,k |ij ´ ik| ď n.
The group A is locally nilpotent, and it admits an automorphism ai Ñ ai`1. Let G “
Gpp, cq be the extension of A by this automorphism, G “ xA, ty where tait´1 “ ai`1.
By [27, Lemma 3.24], if the sequence c grows fast enough, then G is lacunary hyperbolic.
In what follows, we consider a variation of the construction that introduces a sequence
of slow scales where the group G is close to a lamplighter, while on another sequence of
scales G can be approximated by hyperbolic groups. In particular, simple random walk on
G is cautious along a subsequence of time ptiq with appropriate choice of parameters.
Theorem 5.1. There exists a finitely generated lacunary hyperbolic non-virtually cyclic
amenable group G with Shalom’s property HFD. Moreover, the group G can be chosen to
be locally-nilpotent-by-Z and simple random walk on G is cautious and diffusive along an
infinite subsequence of time instances.
Proof. Let M “ ˚jPZ xbjy, bpj “ 1 be the free product of copies of Z{pZ indexed by Z,
Γ “M ¸Z be its cyclic extension where Z acts by shifting indices. Let pi0 be the quotient
map from Γ Ñ Z o pZ{pZq. Write G0 “ Z o pZ{pZq. We define a sequence of quo-
tients of Γ recursively as follows (these quotients are determined by a triple of parameters
p`i, ci, kiqiPN).
After we have defined Gi, given parameter `i`1, take the nilpotent subgroup in Gi
generated by b0, . . . , b2`i`1´1,
Ni`1 “
@
b0, . . . , b2`i`1´1
D
.
Consider the quotient group Mˆi`1 of M defined by imposing the relations that for any
j, the subgroup generated by
A
bj , . . . , bj`2`i`1´1
E
is isomorphic to Ni`1 (isomorphism
given by shifting indices by j). Let Γˆi`1 “ Mˆi`1 ¸ Z be the cyclic extension of Mˆi`1.
Then Γˆi`1 splits as an HNN-extension of the finite nilpotent group Ni`1, therefore Γˆi`1
is virtually free, see [31, Proposition 11]. Therefore Γˆi`1 is hyperbolic, let δi`1 be the hy-
perbolicity constant of Γˆi`1 with respect to the generating set S “ tb0, tu. For parameters
ci`1, ki`1 P N, consider the quotient group Γ¯i`1 “ Γ¯i`1pci`1, ki`1q of Γˆi`1 subject to
additional relations p˚q
rrrbj1 , bj2s , bj3s , . . . , bjms “ 0 for any m ě ci`1,
bj “ bj`2ki`1 for all j P Z.
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By choosing ci`1 and ki`1 to be sufficiently large, we can guarantee that the injectivity
radius ri of the quotient map Γˆi`1 Ñ Γ¯i`1 satisfies ri`1 " δi`1.
Let ψi`1 : Γ Ñ Γ¯i`1 be the projection from Γ to Γ¯i`1. Recall that pi0 denotes the
projection from Γ Ñ Z o pZ{pZq. We take the group Gi`1 to be
Gi`1 “ Γ{ pkerψi X kerpi0q .
By construction, if we choose ki`1, ci`1 " `i`1, `i`1 " max t`i, ki, ciu to be large
enough parameters, we have that Gi`1 and Gi coincide on the ball of radius 2`i`1 around
the identity element, and Gi`1 coincide with a hyperbolic group Γˆi`1 on the ball of radius
ri`1 such that ri`1 " δi`1, where δi`1 is the hyperbolicity constant of Γˆi`1. Let G be the
limit of pGiq in the Cayley topology, or equivalently,
G “ Γ{ XiPN kerψi.
Since along the sequence priq, the ball of radius ri around identity in G coincide with a
ball of same radius in a hyperbolic group with hyperbolicity constant δi ! ri, it follows
that G is lacunary hyperbolic.
We now show that for parameters `i`1 " max t`i, ki, ciu large enough, G admits a
subsequence of controlled Følner pairs, and simple random walk on G is cautious and
diffusive along a subsequence. The argument is along the same line as in the proof of
Theorem 3.6.
Since the balls of radius 2`i`1 are the same inG andGi, up to radius 2`i`1 it is the same
to consider the corresponding random walk in Gi. Let Hi be the subgroup of Gi generated
by b0, . . . , b2ki´1. Note that Hi is a finite nilpotent group. Then because of the relations
p˚q in Γ¯i, Gi fits into the exact sequence
1 Ñ rHi, His Ñ Gi Ñ Z o pZ{pZq Ñ 1.
We use the same letter pi0 to denote the projection Gi Ñ Z o pZ{pZq as well (pi0 was used
for the projection Γ Ñ Z o pZ{pZq). For r ď 2`i`1´C , let
F 1r “ tg P Gi : pi0pgq “ pf, zq, suppf Ă r´r, rs, |z| ď ru,
Fr “ tg P Gi : pi0pgq “ pf, zq, suppf Ă r´r, rs, |z| ď r{2u.
Then by definition, pFr, F 1rq forms a Følner pair. The outer set F 1r has diameter bounded
by
DiamGi,S ď DiamGi,SprHi, Hisq ` 10r.
Since the diameter of the finite subgroup rHi, His in Gi depends only on the choice of
parameters up to index i, we have that for r ě r0pci, kiq ě DiamGi,SprHi, Hisq, the set
F 1r is contained in the ball Bpe, 20rq in Gi. Thus for such r sufficiently large, pFr, F 1rq
is a controlled Følner pair in Gi. Since the balls of radius 2`i`1 are the same in G and
Gi, for `i`1 " ci, ki sufficiently large such that r0pci, kiq ĺ 2`i`1´C , pFr, F 1rq can be
identified as a controlled Følner pair in G as well. Therefore if the sequence p`i`1q grows
sufficiently fast compared to pci, kiq in the sense described above, we have that G admits
a subsequence of controlled Følner pairs. By Lemma 3.11, simple random walk on G is
cautious.
Similarly, for simple random walk on Gi, the drift function is bounded by
LGi,µptq ď DiamGi,SprHi, Hisq ` LG0,µpnq,
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where G0 “ Z o pZ{pZq. Thus when r0pci, kiq ĺ 2`i`1´C , there exists some constant `1i`1
depending on ci, ki, such that for t P r2`1i`1 , 2`i`1s, the constructed group Gi satisfies
LG,µptq “ LGi,µptq ď C
?
t.
That is, simple random walk on G is diffusive

Remark 5.2. The fact that the lamplighter group ZopZ{2Zq can be realized as a direct limit
of virtually free group with growing injectivity radius was used by Osin in [28] to show that
the Kazhdan constant of a hyperbolic group is not bounded uniformly from below under
changing generating sets.
It is known that elementary amenable groups can have arbitrarily fast Følner functions,
see [26, Corollary 1.5] (also the remarks in [10, Section3] and [25, Section8]). By taking
the direct product of two lacunary hyperbolic groups as in Theorem 5.1, we obtain locally-
nilpotent-by-abelian group with property HFD for which it can be shown (similar to [25,
Section8]) that the Følner function is arbitrarily fast. In addition to groups in [3], they
can provide another collection of elementary amenable groups with arbitrarily fast Følner
functions while simple random walks on them have trivial Poisson boundary. Amenable
(but non-elementary amenable)groups of with this property were constructed in [12].
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